We construct and study an H-space multiplication on R + (M ) for manifolds M which are nullcobordant in their own tangential 2-type. This is applied to give a rigidity criterion for the action of the diffeomorphism group on R + (M ) via pullback. We also compare this to other known multiplicative structures on R + (M ).
Introduction
Let R + (M ) denote the space of metrics of positive scalar curvature (here-after: psc-metrics) on a given manifold M . In this paper we will examine multiplicative structures on R + (M ). In order to state our results with the least amount of technicalities we confine ourselves to the case of Spin-manifolds. A Spin-manifold M is called Spin × Bπ 1 (M )-nullcobordant if for a classifying map f : M → Bπ 1 (M ) of the universal cover, the element [f : M → Bπ 1 (M )] vanishes in the cobordism group Ω Spin d (Bπ 1 (M )). The following is our main theorem (see Theorem 3.1 for the general version).
Theorem A. Let M be a Spin-manifold of dimension at least 6, which is Spin × Bπ 1 (M )-nullcobordant. Then R + (M ) is a homotopy-associative, homotopy-commutative H-space.
Remark. Note that any Spin × Bπ 1 (M )-nullcobordant manifold of dimension at least 5 admits a psc-metric as a consequence of the famous Gromov-Lawson-Schoen-Yau surgery theorem (see [GL80] and [SY79] ). Our main result applies in particular to high-dimensional spheres, generalizing a result of Walsh [Wal14] , and products of arbitrary Spin-manifolds with S n for n ≥ 2. The key feature of this H-space structure is that the multiplication map is given "geometrically". To explain what this means, let us recall the main result from [Fre19] : Let (M 0 , f 0 ), (M 1 , f 1 ) be (d − 1)-dimensional Spin-manifolds with maps f i : M i → Bπ where π := π 1 (M ). We define Ω Spin,π d (M 0 , M 1 ) to be the set of equivalence classes of pairs (W, F ) of d-dimensional Spin-manifolds W together with maps F : W → Bπ such that ∂W = M 0 M 1 and F extends f 0 and f 1 . The relation is given as follows: (W, F ) ∼ (W , F ) if there exists a (d + 1)-dimensional relative Spin × Bπ-cobordism connecting (W, F ) and (W , F ), i. e. Ω Spin,π d (M 0 , M 1 ) is the set of (relative) cobordism classes of cobordisms from M 0 to M 1 . For spaces X, Y let [X, Y ] denote the set of homotopy classes of maps X → Y . In [Fre19] we constructed a map
provided that d ≥ 7 and f 1 is a classifying map for the universal cover of M 1 . We will omit the maps f, F . Now let M be a Spin-manifold with fundamental group π and let W : ∅ ; M be a Spin × Bπ-nullcobordism of M 1 . This gives a homotopy class of a map S(W ) :
where W op denotes the flipped cobordism. Then the homotopy class of the map
gives the H-space structure in Theorem A with the neutral element given by e W := S W (g ∅ ). Since µ W only depends on the class of X W in Ω Spin,π d (M M, M ), it is possible to prove Theorem A by doing computations in this cobordism set. This leads to a form of computation which we call graphical calculus. Since the definition µ W required the choice of a null-cobordism W , it is natural to ask wether µ W is independent of this choice. This is answered by the following lemma.
Lemma B (Lemma 3.5). Let M and N be Spin-manifolds of dimension at least 6 with the same fundamental group π. Let W : ∅ ; M and W : ∅ ; N be respective Spin × Bπ-nullcobordisms. Then the map
is an equivalence of H-spaces. If W = W B for B a closed Spin-manifold with α(B) = 0, then S(W op W ) does not fix any path component and in particular is not homotopic to the identity.
We also show that the components of invertible elements are independent of the nullcobordism W (see Proposition 3.6). If furthermore N is a (not necessarily nullcobordant) Spin-manifold with the same fundamental group π, then we define a map
gives an action of R + (M ) on R + (N ) in the homotopy category (see Proposition 3.8). Using graphical calculus we obtain a triviality criterion for the action of the oriented diffeomorphism group Diff(N ) on R + (N ) in the case π = 1. Note that for an orientation preserving diffeomorphism f : N → N of a simply connected Spin-manifold N there exist 2 Spin-structures on the mapping torus
Theorem C (Theorem 3.9). Let N, M be simply connected Spin-manifolds of dimension at least 6, let W : ∅ ; M be a Spin-cobordism and let f : N → N be an orientation preserving diffeomorphism. Then f * : R + (N ) → R + (N ) is homotopic to the identity if there exists a Spin-structure on T f such that e W is isotopic to
Remark. Considering the special case that M = N we get that f * is homotopic to the identity if and only if f * e W ∼ e W . This extends [Fre19, Proposition D].
In the final Section 4 we compare µ W to other multiplicative structures on R + (M ). We show that Walsh's multiplication from [Wal14] agrees with µ D for the disk D : ∅ ; S d−1 provided that d ≥ 7. We then examine the multiplicative structure on concordance classes introduced by Stolz in [Sto91] and further studied in [WY15] and [XYZ17] . We show that this is induced by a map of spaces and if the manifold is Spin × Bπ-nullcobordant it is induced by µ W . Finally we examine the Hmultiplication µ cyl given by concatenation of metrics on cylinders shown to yield an infinite loop space structure for a certain class of manifolds in [ERW19b] . In the special case of the cylinder over a sphere we show that gluing in the torpedo metric on both sides yields an equivalence of H-spaces
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Tangential structures and the surgery map
For d ≥ 0 let BO(d+1) be the classifying space of the (d+1)-dimensional orthogonal group and let U d+1 be the universal vector bundle over BO(d + 1). Let θ : B → BO(d + 1) be a fibration. We call θ a tangential structure.
Definition 2.1. A θ-structure on a real rank(d + 1)-vector bundle V → X is a bundle mapl : V → θ * U d+1 . A θ-structure on a manifold W d+1 is a θ-structure on T W and a θ-manifold is a pair (W,l) consisting of a manifold W and a θ-
Definition 2.2. Let θ : B → BO(d + 1) be a tangential structure. We call θ the (stabilized) tangential 2-type of a (d − 1)-dimensional manifold M if the map θ is 2-coconnected and there exists a (stabilized) θ-structurel on M such that the underlying map l : M → B is 2-connected. (1) The (stabilized) tangential 2-type of a connected spin manifold M of dimension at least 3 is BSpin(d + 1) × Bπ 1 (M ).
(2) The (stabilized) tangential 2-type of a simply connected, non-spinnable manifold M of dimension at least 3 is BSO(d + 1).
be closed manifolds with (stabilized) θ-structureŝ l 0 ,l 1 . We define the cobordism set of manifolds with θ-structure and fixed boundary by
We call M 0 the incoming boundary and M 1 the outgoing boundary (see Figure 1 ).
The equivalence relation is given by the relative cobordism relation: We say that (W, ) and (W , ) are θ-cobordant if there exists a (d + 1)-dimensional θ-manifold (X, X ) with corners such that there exists a partition of
such that the θ-structures fit together (see Figure 2 ). The main theorem of [Fre19] is the following:
Theorem 2.5 ([Fre19, Theorem 3.6]). Let d ≥ 7 and let θ be a 2-coconnected tangential structure. Let (M 0 ,l 0 ) and (M 1 ,l 1 ) be (d − 1)-dimensional θ-manifolds such that the underlying map l 1 : M 1 → B is 2-connected. Then there is a map
S is called the surgery map and we will sometimes write S(W ) = S W . Note that if B is not connected, say B = B B , and M i = M i M i for i = 0, 1 and we have
The following proposition is one of the key features of the cobordism relation.
Let us close this section by recalling the definition H-spaces. From now on the symbol "=" will denote equality in the homotopy category of spaces, i.e. f = f means f and f are homotopic. Let us start by recalling the notion of an H-space.
Remark 2.8. Usually the definition of an H-space involves the choice of an actual map X × X → X. The definition given here is more in spirit of an H-space being a unital magma object in the homotopy category of spaces. Furthermore, since the neutral element of an H-space is only well-defined and unique up to homotopy it suffices to specify the component of e.
Definition 2.9. Let Y be a space and let X = (X, µ, e) be an H-space. An action of X on Y in the homotopy category is a homotopy class of a map
such that ρ(e, ) = id Y and ρ(µ, id) = ρ(id, ρ).
Graphical calculus
Let d ≥ 7, let M d−1 be a manifold and let θ be its tangential 2-type. Letl be a 2-connected θ-structure and let W : ∅ ; M be a θ-nullcobordism of (M,l).We get a map S(W ) : Figure 3 ). We define Proof. First we show that e W really is the neutral element. We need to show that µ W • (id, S(W )) is homotopic to the identity. Now (id, S(W )) = S (M ×I) W and so
as the double of W is nullcobordant by Proposition 2.6. This computation relies on the cobordism relation and is depicted in Figure 4 .
For commutativity, the composition µ W •τ , where τ is the map switching the factors, has to be homotopic to µ W . The map τ however is given by the surgery map S for the cobordism in Figure 5 and the composition of this cobordism with X W is cobordant to X W relative to the boundary. For associativity we need to show that µ • (µ, id) = µ • (id, µ). Again, all maps are given by surgery maps and the proof is finished by Figure 6 . 
This computation is wrong, as one needs to consider the tangential 2-type of the outgoing boundary which is not connected in this case and one has to define which component of the incoming boundary is belonging to which component of the outgoing boundary. When the outgoing boundary is connected one does not need to be as careful here.
Example 3.4. By the definition of S we get e D = g d−1
The next lemma explains the dependence of µ W on W and on M . Proof. An inverse is given by S V op W , so ϕ is a homotopy equivalence. We have Even though µ W and µ V might be different maps, the path components of invertible elements are the same. Let G W denote the components of invertible elements with respect to µ W .
Proposition 3.6. Let V, W : ∅ ; M be two θ-nullcobordisms.
This follows from the following, more general lemma. g ∈ π 0 (R + (M )). Then µ W (S(U )(g), g ) ∼ µ W (g, S(U )(g )) ∼ µ W (g, g ) ∼ e and so we have S(U )(G W ) ⊂ G W . The other inclusion follows by the same argument for U op .
Now, let M be as before and let N be a manifold with the same tangential 2-type but not necessarily θ-nullcobordant. We get a θ-cobordism Y W := W op N × [0, 1] : M N ; N (see Figure 11 ) and a surgery map Proof of Theorem 3.9. We have
where the last equality follows from Figure 14 . If N is θ-nullcobordant as well, say via V : ∅ ; N , then ρ W = µ V (S(W op V ), id) (see Figure 15 ) and we compute Since every orientation preserving diffeomorphism of a simply connected Spinmanifold N lifts to a Spin-diffeomorphism, Theorem C follows immediately from Theorem 3.9.
Remark 3.11. The computations from this section rely on the maps being given geometrically via cobordisms. This is reminiscent of quantum field theories which are functors from cobordism categories. Note however, that we also make frequent use of the cobordism relation which allows to introduce and cancel doubles. will denote the spheres on which we multiply and S d−1 2 is the remaining "reference" sphere. A multiplication map
is given as follows: For i = 0, 1, let g i ∈ R + (S d−1 i , ϕ 1 ), say g i = g i ∪ (ϕ 1 ) * g tor . We define µ tor (g 0 , g 1 ) := f * g 0 ∪ u ∪ g 1 ∪ (ϕ 1 ) * (g tor ) for a fixed diffeomorphism Figure 16 ). Furthermore we may choose f so that f • ϕ 1 = ϕ 1 and ϕ 1 for ϕ 1 : Figure 16 . The multiplication µ tor .
The obtained metric µ tor (g 0 , g 1 ) restricts to (ϕ 1 ) * g tor on im ϕ and hence lies in be the disjoint union of ϕ 1 with ϕ 2 or ϕ 3 respectively. Since u = g • = e D , the map µ tor is given by the surgery map for the cobordism (see Figure 17 for a visualization) As a convention we denote concordance classes of metrics by [g] c and isotopy classes by [g] . Since isotopy implies concordance, we get a canonical map π 0 (R + (M )) π 0 (R + (M )). We have the following result: 
Proof. The final part is only stated without proof and can be proven as follows: The multiplication on π 0 R + (M ) is defined as follows. We take the disjoint union of two cylinders over M and consider them as a θ-cobordism from M −M M ; M as in Figure 18 . Here −M denotes the same underlying manifold with the opposite θ-structure. if there exists a psc-metric G on X C restricting to (g 0 u g 1 ) g on the boundary. It follows directly that from Proposition 4.4 that µ conc (g 0 , g 1 ) = [S X C (g 0 , u, g 1 )] c and so the multiplication µ conc is induced by a map of spaces. We can now prove associativity and commutativity of µ conc using graphical calculus, where we mark the part incoming boundary that does not belong to the multiplication by u (see Figure 19 and Figure 20) . Question 4.6.
(1) Is there an h ∈ R + (M ) and a θ-nullcobordism W : ∅ ; M such that there exists an equivalence of H-spaces (R + (M × [0, 1]) h,h , µ cyl ) → (R + (dN ), µ W )? (2) If so, can one choose W such that the map cl grst is an equivalence?
The natural starting point for investigating this question is the case that M = S d−2 , h = g d−2
• , N = D d−1 , g rst = g tor and W = D := D d . We identify dD d−1 = S d−1 . In this case we have that µ W = S ϕ where ϕ : S 0 × D d−1 → S d−1 S d−1 is given by the inclusion of the lower hemisphere into the first and the upper hemisphere into the second factor. By definition of S ϕ we get that for any metrics g ∈ R + (D) g• and g ∈ R + (D op ) g• we have (4.7)
S ϕ ((g ∪ g op tor ) (g tor ∪ g )) = g ∪ (g d−2
• + dt 2 ) ∪ g .
Consider the following diagram 
